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Introduction
We are concerned with the mixed type problems of partial differential equations arising in the transonic flow past an obstacle in gas dynamics and the isometric embedding in Riemannian geometry. The transonic flow problem past an obstacle arises in many applications of gas dynamics such as an airfoil and is generally of hyperbolic-elliptic mixed type. Shiffman [20] and Bers [2] established the existence of classical subsonic solutions. Morawetz in [15, 16] tackled the problem of transonic flows in a channel or exterior to an airfoil by the method of vanishing viscosity. In Chen-Slemrod-Wang [6] , we introduced a new viscous approximation to the transonic flow problem, constructed the invariant regions, and proved the convergence by the method of compensated compactness ( [22] ). The isometric embedding is a classical problem in differential geometry. The first global existence of smooth C ∞ embeddings was given by Nash [19] (see also [11] ). Many other important results have been achieved for the embedding of surfaces with positive Gauss curvature, which can be formulated as an elliptic boundary value problem. For the case of surfaces with negative Gauss curvature, the underlying partial differential equations are hyperbolic. When the Gauss curvature changes signs, the problem of isometric embedding of surfaces is of mixed type. The isometric embedding problem in the cases of hyperbolic and mixed type are much more difficult. See Han-Hong [12] and Yau [23] for related results and discussions. The idea in Chen-Slemrod-Wang [6] on transonic flows was applied to study the isometric embedding problem for surfaces in Chen-Slemrod-Wang [7] . More specifically, in Chen-SlemrodWang [7] , we introduced a general approach to deal with the isometric immersion problem involving nonlinear partial differential equations of mixed hyperbolic-elliptic type by combining a fluid dynamic formulation of balance laws with a compensated compactness framework. As an example of direct applications of this approach, we show how this idea can be applied to establish an isometric immersion of a two-dimensional Riemannian manifold (or a surface) with negative Gauss curvature in R 3 . For the isometric embedding of manifolds with dimensions greater than two, the underlying Gauss-Codazzi-Ricci equations have no type, neither purely hyperbolic nor purely elliptic. In Chen-Slemrod-Wang [8] , we explored the Div-Curl structure and established the weak continuity of the Gauss-Coddazi-Ricci system with respect to the uniform L p -bounded solution sequence for p > 2, which implies that the weak limit of the isometric embeddings of the manifold in a fixed coordinate chart is an isometric immersion. More generally, we establish a compensated compactness framework for the Gauss-Codazzi-Ricci system in differential geometry. That is, given any sequence of approximate solutions to this system which is uniformly bounded in L p , p > 2, and has reasonable bounds on the errors made in the approximation (the errors are confined in a compact subset of H −1 loc ), then the approximating sequence has a weakly convergent subsequence whose limit is a solution of the Gauss-Codazzi-Ricci system. Since the compensated compactness played an important role in our studies, we shall first recall in Section 2 the basic ideas of compensated compactness, particularly the Div-Curl lemma and the weak continuity of 2 × 2 determinants. In Section 3, we will present a viscous approximation for the transonic flow problem. In Section 4, we discuss a fluid dynamic approach of the isometric immersion problem for two-dimensional surfaces. In Section 5, we show our result on the weak continuity of the Gauss-Coddazi-Ricci system for the isometric embedding of higher dimensional manifolds.
Compensated Compactness
The methods of compensated compactness, originally introduced by TartarMurat [17, 22] and by Ball [1] for a related observation, deal with the behavior of nonlinear functions with respect to weak topology, and are efficient tools for studying the singular limits, especially the compactness of the solution operators, for quasilinear hyperbolic systems of conservation laws. Consider a sequence {v ε } of uniformly bounded measurable functions. It is possible to extract a convergent subsequence in the weak-star topology of L ∞ . Unfortunately, this topology is too weak to guarantee the continuity of nonlinear functions defined on the sequence. In fact, if v ≡ w * -lim v ε and f is a generic continuous function, we have
, unless v ε is strongly convergent, where w * -lim denotes the weak limit in the sense of the weak-star topology in L ∞ . However, for any given sequence
it is possible to associate with a family of probability measures {ν x } x∈Ω , the Young measures such that, for any continuous function
The strong convergence is then characterized by the Dirac measure. The deviation between weak and strong convergence is measured by the spreading of the support of the Young measure ν x . To study the behavior of the Young measure, we need some differential properties of the sequence, especially the H −1 compactness of the entropy dissipation measures for conservation laws.
The Div-Curl lemma (cf. [10, 17, 22] ) is a basic result in the compensated compactness theory for the weak continuity of the scalar product of two vector fields if we have good enough control on the divergence and curl. The key insight as in Murat [17] is that, if we have enough information concerning various combinations of derivatives, we can sometimes show that certain nonlinear functions are weakly continuous.
For
Then the scalar product of u ε and v ε are weakly continuous:
Using the Div-Curl lemma, one obtains the following weak continuity of 2 × 2 determinants.
Theorem 2.2 (Weak Continuity of a 2 × 2 Determinant
be measurable functions satisfying
and
Then there exists a subsequence (still labeled) u ε such that
in the sense of distributions.
Transonic Flow in Gas Dynamics
In gas dynamics, the two-dimensional steady, isentropic transonic flow past an obstacle such as an airfoil is governed by the following steady Euler equations:
where (x, y) are the spatial variables, ρ is the density, (u, v) is the velocity, and p = ρ γ /γ, γ ≥ 1, is the pressure. Under the assumption that the flow is irrotational, (3.1) can be reduced to the following system of irrotationality and conservation of mass:
together with Bernoulli's law by scaling:
where q is the flow speed defined by
At the stagnation point q = 0, the density reaches its maximum ρ = 1. Bernoulli's law (3.3) is valid for 0 ≤ q ≤ q cav . Define the critical speed q cr as q cr := √ 2 γ+1 . We rewrite Bernoulli's law (3.3) in the form:
We see that the flow is subsonic when q < q cr , sonic when q = q cr , and supersonic when q > q cr . Thus, the problem of transonic flows is of mixed type. The isothermal case (γ = 1) is similar. When the upstream speed is sufficiently small, the flow remains subsonic and the governing equations are elliptic. Shiffman [20] and Bers [2] proved the existence of a unique subsonic solution. When the upstream speed reaches a certain number, the flow becomes transonic and shock waves form. Morawetz presented a program in her two papers [15, 16] for proving the existence of weak solutions to the transonic flow in a channel or exterior to an airfoil. She proved that, if the solutions of some viscous approximation problem satisfy the compensated compactness framework, then there is a convergent subsequence whose limit is a solution of the transonic flow problem. The viscous approximation problem was not identified in [15, 16] . In Chen-Slemrod-Wang [6] , we introduced the polar coordinates in the phase plane:
and provided such a viscous approximation problem:
where σ(ρ) is any positive smooth function satisfying
Using the Riemann invariants, we found the invariant regions for the viscous solutions and showed that the viscous solutions are bounded and stay uniformly in ε away from cavitation. To show the convergence of the viscous approximate solutions, we introduced the entropy pairs given by the Loewner-Morawetz relation, the corresponding entropy dissipation measures were analyzed so that the viscous approximate solutions satisfy the compensated compactness framework, and finally the argument of Morawetz [16] leads to the convergence. In [6] , we showed that the flow is away from cavitation, but assumed that the flow angles remain bounded and the flow is away from the stagnation point.
Isometric Embedding of Surfaces
The isometric embedding of a two-dimensional Riemannian manifold (or a surface) into R 3 can be studied through the Gauss-Codazzi system described as follows. Let g ij , i, j = 1, 2, be the given metric of a twodimensional Riemannian manifold M parameterized on an open set Ω ⊂ R 2 . The first fundamental form I for M on Ω is
and the isometric embedding problem is to seek a map r : Ω → R 3 such that dr · dr = I, that is,
so that {∂ x r, ∂ y r} in R 3 are linearly independent. The corresponding second fundamental form is
The fundamental theorem of surface theory (cf. [9, 12] ) indicates that there exists a surface in R 3 whose first and second fundamental forms are I and II if the coefficients (g ij ) and (h ij ) of the two given quadratic forms I and II with (g ij ) > 0 satisfy the Gauss-Codazzi system. It is indicated in Mardare [14] (Theorem 9) that this theorem holds even when (h ij ) is only in L ∞ for given (g ij ) in C 1,1 , for which the immersion surface is C 1,1 . This shows that, for the realization of a two-dimensional Riemannian manifold in R 3 with given metric (g ij ) > 0, it suffices to solve (h ij ) ∈ L ∞ determined by the Gauss-Codazzi system to recover r a posteriori. The Gauss-Codazzi system (cf. [9, 12] ) can be written as
where
κ(x, y) is the Gauss curvature that is determined by the relation:
R ijkl is the curvature tensor and depends on (g ij ) and its first and second derivatives, and
is the Christoffel symbol and depends on the first derivatives of (g ij ), where the summation convention is used, (g kl ) denotes the inverse of (g ij ), and (∂ 1 , ∂ 2 ) = (∂ x , ∂ y ). Therefore, given a positive definite metric (g ij ) ∈ C 1,1 , the Gauss-Codazzi system gives us three equations for the three unknowns (L, M, N ) determining the second fundamental form II. From the viewpoint of geometry, the Gauss equation (4.2) Motivated by this similarity of mixed type, we can put the isometric embedding problem into a fluid dynamic formulation so that it may be solved via the approaches for transonic flows of fluid dynamics in ChenSlemrod-Wang [6] . As in Chen-Slemrod-Wang [7] , we set
and set q 2 = u 2 + v 2 as usual. Then the Codazzi equations (4.1) become the familiar balance laws of momentum:
11 ,
22 − 2ρuvΓ
(1)
11 , (4.4) and the Gauss equation (4.2) becomes
We choose the pressure p as for the Chaplygin-type gas:
Then, from (4.5), we have the "Bernoulli" relation:
which lead to the relations for (u, v) in terms of (L, M, N ). We define the "sound" speed as
then, from our "Bernoulli" relation (4.6), we see
Hence, under this formulation, when κ > 0, the "flow" is subsonic, and system (4.4)-(4.5) is elliptic; when κ < 0, the "flow" is supersonic, and (4.4)-(4.5) is hyperbolic; and when κ = 0, the "flow" is sonic, and (4.4)-(4.5) is degenerate. In general, system (4.4)-(4.5) is of mixed hyperbolicelliptic type, which is consistent with the eigenvalues (4.3) of the original system (4.1)-(4.2). In Chen-Slemrod-Wang [7] , we provided a general framework of weak solutions to the Gauss-Codazzi system (4.1)-(4.2) with an application in the case of negative Gauss curvature κ < 0.
We considered one of the variables, x, as time-like and the other variable y as space-like, introduced a vanishing viscosity method via parabolic regularization:
For (4.9), we obtained the uniform estimate by identifying invariant regions for the approximate solutions and showed the H −1 loc -compactness. Then, as in [6] , the compensated compactness framework yields a weak solution to the initial value problem of system (4.4)-(4.5) and thus system (4.1)-(4.2) when the initial data lies in the invariant region for the catenoid with the given metric:
Here we applied the weak continuity of 2 × 2 determinants in Theorem 2.2 to pass the limit in the constraint equation (4.2) . This establishes a C 1,1 -immersion of the Riemannian manifold into R 3 . In particular, our existence result asserts the existence of a C 1,1 -surface for the associated metric for a class of non-circular crosssections prescribed at x = x 0 (̸ = 0) for a catenoid.
We remark that, in [7] , we established the existence of C 1,1 -isometric immersions for a class of initial data where the given metric is that of a catenoid. The existence of a global isometric embedding or immersion of a general surface with negative Gauss curvature is still open and is of course generally not possible due to Efimov's theorem (cf. [12] ). When the Gauss curvature κ changes sign, the problem becomes transonic, thus mixed hyperbolic-elliptic type. In this mixed-type problem, only special local solutions are known to exist for special data (cf. [13, 12] ), and the existence of global solutions is a difficult open problem.
Isometric Embedding of Higher Dimensional Manifolds
An extremely challenging direction in geometry is the higher dimensional isometric embedding, and all major problems are open. In fact, the isometric embedding problem of higher dimensional manifold M d , d ≥ 3, is not elliptic as noted by S.-S. Chern and H. Levy (cf. [3, 21] ). In ChenSlemrod-Wang [8] , we explored the structure of the Gauss-Codazzi-Ricci system of higher dimensional isometric embedding and showed the weak continuity of the system by using the compensated compactness argument.
The isometric embedding problems for d-dimensional Riemannian manifolds with given metric g ij into the Euclidean space R N can be reduced as the solvability problems of the Gauss-Codazzi-Ricci equations with the following form in local coordinates In Chen-Slemrod-Wang [8] , we presented our main observation on the features of the Codazzi and Ricci equations: the Div-Curl structure, which leads to the weak continuity of the system. Using the DivCurl lemma (i.e., Theorem 2.1), we established the weak continuity of the Gauss-Codazzi-Ricci system and related compensated compactness framework for approximate solutions to the system. In particular, we have the following weak continuity of the Gauss-Codazzi-Ricci system with respect to the uniform L lb ) for the weak continuity can be obtained from a selection criterion. In particular, we wish to select an "energy" minimizer among all embeddings with local coordinates g ij dx i dx j = ds 2 . Non-uniqueness and uniqueness (rigidity) of embeddings was discussed by Berger-Bryant-Griffiths [3, 4] . For the details and more discussions on the higher dimensional isometric embedding, we refer to Chen-Slemrod-Wang [8] , as well as [5, 18] for the local existence of embeddings.
